REPRESENTING DIRECTED GRAPHS AS
e 3-SAT PROBLEMS USING THE .
/

Conference on = nasue) 008 lasnness

]

o eiin g snp SIMPLIFIED BALATONBOGLAR MODEL st

January 29-31, 2020 UNIVERSITY

GABOR KUSPER, CSABA BIRO, TAMAS BALLA
IKUSPER.GABOR,BIRO.CSABA, BALLA.TAMAS}@UNI-ESZTERHAZY.HU

ABSTRACT

In our previous work we introduced the Balatonboglar Model (BB) of directed graphs. We showed that BB isa Black-and-White 3-SAT problem if and only if (iff) the graph is

strongly connected (SC). BB generates a lot of so called N NP shaped clauses to represent cycles of the directed graph without detecting cycles, i.e., it is fast but bigger than necessary.
To overcome this problem, we introduce the Simplified Balatonboglar Model (SBB). The size of SBB is only 1% of the size of BB.

INTRODUCTION THEORETICAL RESULTS

In logic the most natural representation of an edge of Let D be a communication graph [1]. Then:

a directed graph, say a — b, is to use implication, i.e., e SMisaBlack-and-White 2-SAT problem iff the graph D is SC.

a = b, 1ie, the edge a — b can be represented by the . | | .

binary clause: (—a V b). If a graph contains two edges: e WMisaBlack-and-White SAT problemiff Dis SC.

a — b, and a — ¢, then those can be represented by the o SM > WM, i.e., the set of solutions of SM is a subset of the set of solutions of WM.

formula: (¢ =— b) A (a = c¢), which is equivalent , , , , ,

to two 2-clauses (—a V b) A (=a V ¢). We call this as the o SM > WM iff Disnot SC, and it has at least one node which has more than one child node.

Strong Model (SM) of directed graphs [1, 2, 5]. e Transitions Theorem: If we have SM > MM > WM, where MM is an arbitrary but fixed model of D, then

MM isaBlack-and-White SAT problem iff Dis SC.

Our second model is the Weak Model (WWAM) [5]. The o SM > BB>WM,ie,BBisaBlack-and-White 3-SAT problem iff D is SC.

idea is the following: If a graph contains two edges: a — b,

and a — c, then those can be represented by the formula: o SM 2> BB >8BB> WM

(a = b)V (a = c¢), which is equivalent to a 3-clause Proof: It is enough to show that for any clause in YWM which represent a cycle there is a clause D in SBB5, such
(—a VbV c). We need to represent cycles of the graph, too. that D is a subset of that clause. Let C be a clause in W.M such that it represents a cycle in D . From we know
Ifag — a2 — -+ = an — a1 is a cycle with exit points that the cycle has an exit point. From this we know that there is a big-cycle such that there exists a,b, ¢ such that
b1,b2,...,bn, then this cycle can be represented by the a,b € C, and they are consecutive vertices in the cycle, and c is an exit point of the cycle, and b, c are consecutive
clause: (—a1 V—-ag V-V -an Vb Vb2 V:---Vby). vertices in the big-cycle. So D = {—a, —b, c} is a suitable choice.

e SBBisaBlack-and-White 3-SAT problem iff D is SC.

Our third model, the BB uses the trick that instead
of detecting each cycle, it generates from each path
a — b — c the following 3-clause: (—a V —b V c¢), which
is a Negative-Negative-Positive (NN'P) shaped
clause, or for short an clause, even if there is no cycle
which contains the vertices a and b. This simplification al-
lows very fast 3—SAT problem generation from a directed WM = {{-a,b,c},{=b,a,c,d}, {—c,a,d},
graph, and the SAT instance will be a Black-and-White

3-SAT iff the input directed graph is SC. On the other tma,=b, ¢, d},17a, =b, e df, {ma, e, bod, - (2)
hand this trick generates a lot of superfluous clauses. < {~d,a},{—a,=b,~d,c},{—a,~c,~d,b}}.

EXAMPLES

Its other 3 models are:

To overcome this problem, we introduce the SBB. In
this model we create the strongly connected compo-

BB = {{—a,b,c},{-b,c,d}, {—c,a,d},

nents (to be short: SCC) of the graph [6, 7]. For each ‘ {~d,a}, {~a, =b, ¢}, {~a, =b, d},
component we generate a cycle which contains all the Figure 1- A (SCC) graph with 4 vertices, 6 cycles {—a, —¢, b}, {~a, —¢, d}f, { b, —¢, at, (3)
nodes of the component. Then for each such cycle The SM of the D on Figure 1 is: {=b, —c,d}, {=b,—~d,a}, {—c,—d,a},
we generate NNP clauses along it. For example, {~d, ~a, b}, {~d, —a, c}}
for the cycle (ni,n2,...ng) we generate the clauses SM = {{—a,b}, {—a,c}, {-b,a}, {-b,c}, ot T o
{{-n1, na,n3},...,{-ng,ni,n2}}. _ _ _ _
Chdh e ah e dh d ad SBB = {{-a,b,¢}, {~b,¢,d}, {~c,a,d},
We should also generate N NP clauses which link the Since the D on Figure is SC, its SM is a {—d,a},{—a, b, c},{-b, —c,d}, (4)
components. After representing the big-cycles and the Black-and-White SAT problem, ie., the SAT prob- {=c,—d,a},{~d,—a,b}, {—a,—c,d}}.
links bet h delete their od ith lem in (1) has only these two solutions: {a,b,c,d}, and
HES DELWEETL Them, WE Cah AEIEte TS €AgEs and the Op- {—a, =b, —c,~d}. All the 4 models are a Black—and-White SAT problem.

posite of those edges. The rest of the edges are "inner-

edges" which may form cycles. We represent them one
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by one by an N NP clause, such that the positive literal

should be a neighbour node on the big-cycle of one of the | | | | | | | | | | | | |
negative ones. Then we delete that cycle till their is no 100%| .# == = CERAIE R RIIIRI R I R NI I I A -
more one. Other parts of the model are just the same as in &,
% ®
case of BB. %% 9
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CONCLUSION

A CKNOWLEDGEMENTS Our goal was to create a more compact variant of BB by keeping its nice properties. The new model is called SB which

is a subset of BB. Its size is around 1% of the size of BB, but it is still a Black-and-white 3-SAT problem iff the
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represented directed graph is SC. We checked this property also empirically by using the CSFLOC18 SAT [3, 4] solver.

1 “Complex i f h capaciti i iy . . -
00001 “Complex improvement of research capacities and services Our empirical results show that SBB is near to the smallest possible model, i.e., the number of unaffected clauses reported

at Eszterhdzy Karoly University by CSFLOC18 is very small, i.e., SBB extended by the white and the black clause is almost MIN-UNSAT.



