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Abstract
The classical coin tossing experiment is studied. Limit theorems are obtained con-
cerning the head - runs containing certain number 𝑇 of tails called contaminated
runs of heads.Asymptotic distributions are derived for the first hitting time of a
𝑇 - contaminated run of heads and the length of the longest 𝑇 - contaminated run
of heads. These offer improved approximations for convergence of the random
variables which out perform previous established results. A comparison is made
through simulation of the two sets of estimates giving credence of excellent perfor-
mance.

Problem 1 (First hitting time for the longest 𝑇 contaminated run of heads).
Consider the well known coin tossing experiment. Let 𝑝 be the probability of heads
and let 𝑞 = 1−𝑝 be the probability of tails. Here 𝑝 is a fixed number with 0 < 𝑝 < 1.
We toss a coin 𝑁 independent times. We shall write 1 when the result is head and 0
when the result is tail. So we shall consider independent and identically distributed
random variables 𝑋1, 𝑋2, . . . , 𝑋𝑛 with 𝑃 (𝑋𝑖 = 1) = 𝑝 and 𝑃 (𝑋𝑖 = 0) = 𝑞, 𝑖 =
1, 2, . . . , 𝑁 .
Let 𝑇 > 0 be a fixed non - negative integer. We shall study the 𝑇 - interrupted runs
of heads. It means that there are 𝑇 zeros in an 𝑚 length sequence of ones and
zeros. So let 𝑚 be a positive integer. Let 𝐴𝑛 = 𝐴𝑛,𝑚 denote the event that there
are precisely 𝑇 zeros in the sequence 𝑋𝑛, 𝑋𝑛+1, . . . 𝑋𝑛+𝑚−1.
Let 𝜏𝑚 be the first hitting time of the 𝑇 - contaminated run of heads having length
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𝑚. We shall find the asymptotic distribution of 𝜏𝑚 as 𝑚 → ∞ for 𝑇 = 1 and for
𝑇 = 2.

For the proof, we apply the main lemma of Csáki, Földes, Komlós [1].

Theorem 2. Let 𝑇 = 1 or 𝑇 = 2, 0 < 𝑝 < 1. Let 𝜏𝑚 be the first hitting time for
the 𝑇 contaminated run of heads having length 𝑚. Then, for 𝑥 > 0,

𝑃 (𝜏𝑚𝛼𝑃 (𝐴1) > 𝑥) ∼ 𝑒−𝑥 (1)

as 𝑚 → ∞. Here if 𝑇 = 1, then 𝛼 = 𝑞 + 2𝑝𝑚−1−1
𝑚 and 𝑃 (𝐴1) = 𝑚𝑝𝑚−1𝑞. When

𝑇 = 2, then 𝛼 = 𝑞 − 2
𝑚 , 𝑃 (𝐴1) =

(︀
𝑚
2
)︀
𝑝𝑚−2𝑞2.

Problem 3 (Length of the longest 𝑇 contaminated run of heads). Erdős and Rényi
[2] in their classical paper studied pure head runs for the case of a fair coin.

Later on, [8] extended the study to the accuracy of the approximation to the
distribution of the length of the longest head run in a Markov chain.

Almost sure limit results for the length of the longest runs containing at most
T tails was detailed by [3].

Földes, in [5], presented asymptotic results for the distribution of the length of
longest 𝑇 contaminated head runs.

Móri in [7], obtained a so called almost sure limit theorem for the longest 𝑇
contaminated head run.

Gordon, Schilling and Waterman [6] applied extreme value theory to obtain the
asymptotic behaviour of the expectation and variance of the longest 𝑇 contaminated
head run.

Theorem 4. Let 𝑇 = 1 or 𝑇 = 2, and let 0 < 𝑝 < 1 be fixed. Let 𝜇(𝑁) be the
length of the longest 𝑇 contaminated run of heads during 𝑁 times of coin tossing.
Let

𝑚(𝑁) =𝑙𝑜𝑔(𝑞𝑁) + 𝑇 𝑙𝑜𝑔(𝑙𝑜𝑔(𝑞𝑁))+

+ 𝑇 2 𝑙𝑜𝑔(𝑙𝑜𝑔(𝑞𝑁))
𝑐𝑙𝑜𝑔(𝑞𝑁) − 𝑇

𝑐𝑞0𝑙𝑜𝑔(𝑞𝑁) − 𝑇 3

2𝑐

(︂
𝑙𝑜𝑔(𝑙𝑜𝑔(𝑞𝑁))

𝑙𝑜𝑔(𝑞𝑁)

)︂2
+

+ 𝑇 2 𝑙𝑜𝑔(𝑙𝑜𝑔(𝑞𝑁))
𝑐𝑞0(𝑙𝑜𝑔(𝑞𝑁))2 + 𝑇 3 𝑙𝑜𝑔(𝑙𝑜𝑔(𝑞𝑁))

(𝑐𝑙𝑜𝑔(𝑞𝑁))2 +

+
(︂

𝑇 𝑙𝑜𝑔(𝑞

𝑝
) − 𝑙𝑜𝑔(𝑇 !)

)︂(︂
1 + 𝑇

𝑐𝑙𝑜𝑔(𝑞𝑁) − 𝑇 2 𝑙𝑜𝑔(𝑙𝑜𝑔(𝑞𝑁))
𝑐(𝑙𝑜𝑔(𝑞𝑁))2

)︂
,

(2)

where 𝑞0 = 2𝑞
2+𝑇 𝑞−𝑞 , log denotes the logarithm to base 1/𝑝 and 𝑐 = 𝑙𝑛(1/𝑝), 𝑙𝑛

denotes the natural logarithm to base 𝑒. Let [𝑚(𝑁)] denote the integer part of 𝑚(𝑁)
while {𝑚(𝑁)} denotes the fractional part of 𝑚(𝑁), i.e {𝑚(𝑁)} = 𝑚(𝑁) − [𝑚(𝑁)].
Then,

𝑃 (𝜇(𝑁)−[𝑚(𝑁)] < 𝑘) = 𝑒−𝑝
(𝑘−{𝑚(𝑁)})

(︀
1− 𝑇

𝑐𝑙𝑜𝑔(𝑞𝑁) +𝑇 2 𝑙𝑜𝑔(𝑙𝑜𝑔(𝑞𝑁))
𝑐(𝑙𝑜𝑔(𝑞𝑁))2

)︀(︂
1 + 𝑂

(︂
1

(𝑙𝑜𝑔𝑁)2

)︂)︂
(3)
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for any integer 𝑘, where 𝑓(𝑁) = 𝑂(ℎ(𝑁)) means that 𝑓(𝑁)/ℎ(𝑁) is bounded as
𝑁 → ∞.

Remark 5. In Proposition 3.3 from [4], the rate of convergence was 𝑂(𝑙𝑜𝑔(𝑙𝑜𝑔(𝑁))/𝑙𝑜𝑔(𝑁)).
Using our method for 𝑇 = 1 and 𝑇 = 2 and for 𝑚0(𝑁) (which is similar

to 𝜇𝑇 (𝑞𝑁) in aforementioned paper), we obtain that the rate of convergence is
𝑂

(︀
1/(𝑙𝑜𝑔(𝑁))2)︀

. This is an improvement over this

𝑃 (𝜇(𝑁) − [𝑚0(𝑁)] < 𝑘) = 𝑒𝑥𝑝
(︁

−𝑝𝑘−{𝑚0(𝑁)}
)︁

(1 + 𝑂(𝑙𝑜𝑔(𝑙𝑜𝑔(𝑁)/𝑙𝑜𝑔(𝑁)))).

So our Theorem considerably improves Theorem 1 of [6] in the cases of 𝑇 = 1 and
𝑇 = 2.
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