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Abstract
We present an algorithm and a program (developed in the computer algebra system
Maple), which determines the solution of linear functional equations belonging to
the class

h0(x, y)f0(g0(x, y)) + · · · + hn(x, y)fn(gn(x, y)) = F (x, y)

where n ∈ N, g0, g1, . . . , gn, h0, h1, . . . , hn, and F are given real valued functions on
an open set Ω ⊂ R2, furthermore f0, f1 . . . , fn are unknown functions.

Applying the results of Páles [10] and Házy [8] we get a differential-functional
equation in one of unknown function for f1, f2, . . . , fn. The solutions of this equa-
tion are the same as that of an ordinary differential equation (under some assump-
tions).

In the theory of functional equations there exist few methods is solving a wider
class of functional equations. In several cases, with the help of the computer
algebra system Maple V, which enables us to perform the tedious computations,
we completely describe the general solutions of these equations. See for example
L. Székelyhidi’s results ([11]), the papers of Sz. Baják and Zs. Páles ([1–3]), S.
Czirbusz ([5]), A. Házy ([8]), A. Gilányi [4, 6, 7] and C. P. Okeke, T. Szostok ([9]).

An algorithm of the reduction of linear two variable functional equations

h0(x, y)f0(g0(x, y)) + · · · + hn(x, y)fn(gn(x, y)) = F (x, y), (1)

to differential-functional equations has been found by Zs. Páles [10]. Here g0, g1,
. . ., gn, h0, h1, . . . , hn and F are given real valued functions on an open set Ω ⊂ R2

and f0, f1, . . . , fn are unknown functions.
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Using the result of Páles [10], we get a partial differential operator which elim-
inate all unknown function from the equation, except the first. That is, applying
a linear differential operator D to the equation (1), we get the following linear
differential-functional equation:

D[h0(x, y)f0(g0(x, y))] = DF (x, y), (x, y) ∈ Ω.

Based on this result, we get an algorithm to transform the linear two-variable func-
tional equation to differential-functional equation for f0. The detailed description
can be found in the paper of Páles [10] and Házy [8].
At the end of this algorithm we get an equation for f0. We showed in [8] that there
exists an ordinary differential equation (under some assumptions) whose solutions
are the same as the that of obtained differential-functional equation. It is shown,
that if we consider the equation

lk(x, y)f (k)(g(x, y)) + . . . + l0(x, y)f(g(x, y)) = L(x, y), (2)

for all (x, y) ∈ Ω, where l0, l1, . . . , lk, g and L are given real valued analytic functions
on Ω, furthermore f is an unknown real function on g(Ω), then there exists a
differential equation

f (m)(t) +
m−1∑
i=0

Ki(t)f (i)(t) = K(t), (3)

whose (k+1)-times differentiable solutions coincide with that of (2). This equation
(3) reduces to an ordinary differential equation with respect to f .
To illustrate this method, we present an examples.

Example 1. Consider the functional equation

(x + y)f(x + y) − yg(x) − h(y) = x + y. (4)

Applying the differential operator D = ∂x − y∂x∂y to this equation we get the
following second order differential-functional equation for f :

f(x + y) + (x − y)f ′(x + y) − (xy + y2)f ′′(x + y) = 1. (5)

Using the differential operator D0 = ∂x − ∂y to (5) then we get the equation

(x + y)f ′′(x + y) + 2f ′(x + y) = 0. (6)

The order of this equation is also 2, that is the order is not increase. If multiply
the equation (6) by (xy + y2), and the equation (5) by (x + y) and adding up these
equations, we obtain the following first order equation:

(x + y)2f ′(x + y) + (x + y)f(x + y) = x + y. (7)
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The solutions of this equation (7) are the same as that of (5). It is easy to see
(with substitution t = x + y) we get

t2f ′(t) + tf(t) = t,

which implies that
f(t) = 1 + c

t
.

Substituting this function f back to the equation (4), we get

(x + y)
(

1 + c

x + y

)
− yg(x) − h(y) = x + y,

that is
yg(x) + h(y) = c,

which implies that there exists constant d such that

g(x) = d, h(y) = c − dy.
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